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Space and Tune 


* In Physics or physical sciences, space vs referred to 
the three-dimenstonal coordinates points. In ether 
word, tt vs an arrangement of all possible point 
locations where logical statement(s) can be derived 
to solue a specific problem 


° Time ts one-dimensional quantity that vs 
independent ef space. It could be regarded as an 
origin from wuch te take duration past er future to 
any other tune instant. 


* In classical mechanics, time vs separated from 
Space, 


° however, wv special relatiuity; time and space 
are fused together making four-dimensional 
geometry called space-time, 
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Z-coordinate 
X-coord 


Y-coordinate 


The principle of retatiwity 
The principles of relatiwity are described into buve 
postulates. 


The speed of tight in vacuum ts always the same: 
and 


It ts not possible to measure the absolute speed of 
an object but only retatwe can be measured. 


The second postulate needs some explanation in 
the sense that the earth ts mowing in a rotational 
motion about its axis round the sun with a known 
speed, and all the object therein are mowing 


We can only state how fast ene object vs 
mowing relatiwe te another. 


The second postulate can be expressed 
as the baste laws of nature, 


wuch are in all reference fames mowing 
with constant vetocity retatwe te each 
other 


are the same in all inertial frame of 
reference. 


A reference frame is any coordinate system relatwe 

to which measurements are taken. For example, the 
position of a bed, chair, and table can be described te 
the walls ef a room. The room ts then the reference 

frame. In another way, if a flu is sitting on a window 

in u mowing car. The window of the car can describe 

the position of the fly on the car. 


An inertia reference frame is a coordinate system in 
which the law of inertia applies: a body remains at 
rest unless an unbalance force on it causes it to be 
accelerated. All reference systems mowing with 
constant velocity relatwe to distant stars are inertia 


The above postulates can be summarised as follow. 


The relativistic mass of any object can be describes as mp = ym 


2 . EFE: 
where y — | 0 and 1 7 / 2 is the relativistic f actor 
1- 
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Relativistic Linear Momentum (P) = P = MRV = ymV = 


Apparently, if you are in motion relatuwe to 
two points that are fixed distance apart, the 
distance between the ture Ponts appears 
shorter than if you were at rest refatiwe te 
them. The ratio of the two points vs the 
relatuatstic factor. 


Relativistic Energy (E) = ymc? 
The Total Energy (E) is the sum of its kinetic and potential (rest) energies 
E = Kinetic Energy + Rest Energy 
i.e ymc^ = KE +E, 
When a body is at rest y = 1, KE = 0 
X E, = me 
= KE = ymc? — mc* 


However, tf the speed of the object is much less than speed of light (v >> c) 
KE 1 : 
= —mv 
2 


expressing Energy in terms of momentum E? = m*c* + p*c* 


Relativistic time Tm = Ts |1 - " faz where Tm is the moving time and Ts is the proper 


time. 


Relativistic length Lm = Ls 1 -v fez where Lm is the moving length and Ls is the 
proper length. If an object and observer are in relative motion with speed v, then the 


observer will measure the object as having contracted along the line of motion. The 


contraction factor is |1- ” | 2 This occurs only along the line of motion. No such 


contraction 1s observed perpendicular to the direction of motion. The length of an object 


measured by an observer at rest relative to it 1s known as proper length. 


Worked ۵ 


(1) Determine the energy required to give an electron a speed equal to 0.9 that of light, 


starting from rest. 
Total energy (E) = KE + PE, KE = ymc? — mc? 


KE = mc*(y — 1) 


| ۱ 1 
KE = mc? w 1 
E ed 
41- (2) 
10?m 1 
KE = (9.11x10-?!kg)x | 2.998x هد‎ 
j J/ 1 = (0.9)? 


KE = 1.06x10^715J 


(>) Show that E (pirn — pri ge reduces lo m i frei" when d 2 g 
KE = (hrm — mjc 


recall that F 
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KE = me* (C1 + و ود‎ — ij 


Expand (1 + x)72 by binomial cxpression, we have 


C—1/2)C—3/2) 
ge 


-- €1 + (عد‎ = {1 = (-£)x + — ay z سل‎ 


Putting the values of w 


1 + QF یو‎ + 


=- ÇI + xJ 


if vis very smaller than c, all the terms containing c are negligible except the term without c 
1 
a KE = nv 


Assignment 6 


(1) A particle is travelling at a speed v such that ۲/۸ is 0.99, later the particle 
decelerated to half speed of light. Find y for the particle at instance speed. 


(2) Determine the speed of an electron having a kinetic energy of 1610 


Invariance of physical lauw 


The notion of invariance 1s important in physics, both invariance of physical quantities or 


properties, and the invariance of equations relating such quantities. 


A fundamental example of an invariant quantity, in all forms of relativity, is an event in 
space-time. To be explicit, suppose two events, £,, E>, have the same space-time coordinates 


in a particular inertial frame of reference, 


EE; ^it, Xi ys zn) > {t2 X2 Yz Z2} 
such that 


Z1 = t2 = X; = ya = 22‏ ,و رو روا 
then they will have the same space-time coordinates in every inertial frame of reference.‏ 
That 1s, if‏ 


E,E; > (t' x sys Z1) À5B(tuxzyzzsz) 
then 


F , F F — £F — ri — naal — F 
EFi << ] و‎ 5X = yz =Z} 


muuttaner 


In Galilean P. Ume LS Inoar ity and SO We Can 
consider simultaneous ewents, which are ewents that 
occur at the same time, but net necessarily at the 
same location. Then, if ture ewents are simultaneous 
in one frame, they will be simultaneous in any ether 
frame. 


This, along with time-inuariance itself, gets dropped 
m special relativity. 


Spatial separation 


Following directly from the میم نما‎ of simuttaneity, 
consider the spatial separation between tuvo 


Figure 1.5 - Spatial separation 


In figure 1.5, at time fr’, the ends of the stick are at (t, x4), (t, x2) in the stationary frame and 


at (t^ x'1), (t', xa) in the moving frame (which is at rest relative to the stick). 
The spatial separation as measured in the moving frame 1s then 

x',— x', = (x — PE) — (x1 — PE) = Xa — Vt — xy + vt = Xo — Xi 
which is the spatial separation as measured in the stationary frame. 


Hence, in Galilean relativity, spatial separation is invariant. 


Acceleration 


Suppose a particle has a trajectory in space (we can stay in one dimension for simplicity), and 
the coordinates of the trajectory are x(/) in one frame and x'(r) in another (where =f, of 


course), moving at uniform speed v relative to the first. 
Now, the position of the particle 1s not an invariant quantity, since 
x' (t) = x(t) — vt 


And neither is the velocity of the particle, since 


dx' dx 
dt dt 
But acceleration is invariant, since 


Mass 


Given the fact that position and velocity are not invariant, and that acceleration is invariant, 1t 


would make sense to formulate the laws of physics in terms of acceleration. 


Newton expressed this explicitly in his force law as #=ma. Suppose we have two particles 
(on the x-axis for simplicity) exerting forces on each other. We always assume that 
fundamental forces are conservative forces, meaning that they depend only on the distance 
between the particles. Since we know already that distance - spatial separation - 1s invariant 


in Galilean relativity, then the forces acting on the particles are also invariant. 


TIFT F . : i 2 
Writing Newton's law as m = — we see that mass 1s also invariant since It is a quotient of 
a 


invariants. 
Finally, we note that the law itself is invariant. That is, F=ma holds in all reference frames 


In order to compare the laws of physics in two different reference frames, we need to 
consider transformations of properties between the two frames, and in particular, 
transformations of coordinates. For now, we shall restrict our attention to motion only along 
the x- axis and assume time 1s universal, meaning that the clocks in both frames tick off time 
at the same - universal - rate. 


GALILEAN INVARIANCE 


Galilean inwariance or Galilean relatity states that the laus 
ef motion are the same n all inertial frames of reference. 


It ws a reference frame in retatwe motion to absolute space. 
In such a frame, the object does net accelerate. 


Galilee Galilee first described this principle using the example 
of a shup trawetling at constant velocity, without rocking, on a 
smooth sea; any ebserver performing experiments below the 
deck would not be able te tell whether the ship was mowing 
or stationary. 


° Among the axioms from Newtons theory are: 


There exists an absolute space in which Newton's laws are 
true. 


Galleon Transformation Equations 


Suppose S' is proceeding relative to S at a speed v along the x-axis: 


Ç 


Stationary frame Moving frame 


Figure 2: S and S' inertial frame of reference 


Gatilean Transformation Equations 


We see from the diagram above that x = ۲ + vt. Also, y = y' and z = 7 since there are no 
movements in these directions and t = t since time 1s universal. Thus, (X, y, z, t) in $ frame 


corresponds to (X^, y', 7^, t) m S' frame, where: 


Y = - 

y =y Galilean Transformation 
7 =7 Equations 

MET 


That 1s how position transforms and 1$ known as Galilean Transformations 


Galilean Velocity Transformation 


The velocity u in S frame 1n the x’ direction as measured by an observer 1$ given as 


Therefore, U, = U, - Y (Galilean velocity transformation 


Galilean Acceleration Transformation 


How docs acceleration transform? 


a = dui ` duk 
"x at’ dt 
d duy dv 
a^ —lu, — 1۸1 = = — — 
= dt ( * ) dt dt 


T. : dr 
Since v is constant, a ü 


Therefore, di = a, 

This means that the acceleration 1s the same in both frames. Thus, we say that acceleration in 
both frames is Galilean Invariant. Velocity is not invariant because it differs in both frames 
by a constant factor 1.¢. the relative velocity of both frames. 

We can also show that the law of conservation of momentum (Newton’s second law of 
motion) F = ma, is invariant under Galilean transformation. 


In the $° frame of reference, F' = ma; 


du d Jax" 
E = m= = m= =| 
ac cat Gt 
al d (dx 
F' 1— = (x - vt)| =m=| — | 
mart bar aur Lat 
[ri 
F' = m — |u v 
Z tux — v] 
1 mu 
F' =m| = Ln 
dt dt 


But dey ie = 0 


Therefore, F' = ma, = F 


Examples 


1: A beat that is initially stationary begins to meme with 
a velocity ef 10m/s with respect to x — axes in the 
pesitibe direction. Let the water on which itt moves be 
reference frame 1 and the beat represents reference 
frame 2. Assume that reference frame 1 «s always 
Stationary and at t = O seconds, the turo frames 
ceincide. If we are in reference frame 2 and an ewent 


takes place by the boat at pout (x, =50, ولا‎ =0, 3, =0) 
alter the beat trawetled for 120s, find the equucatent 


Solution 


515 51 32 
Yuy yu y: Att - 120s 


Es 
(50.0.0) 


Ki, X2 


Z1 T: 


Initially, the origin of the two frames (5,5;) coincide at t = Û seconds 
Since the boat 1s travelling in the positive x direction, 

Ky =Xot vt, y = و2 = 2 روا‎ and Ê, = t, 
However, at t= 120s, x; = 50, لا‎ = 0, 2; = Û 
Therefore, X = x; + vt 

x, = 50 + 10(120) = 50 + 1200 

Xx, = 1250m 
Thus, point (50, 0, 0) in frame 2 = point (1250, 0, 0) in frame 1 


2: Ab t = O seconds, tuo reference frames 
consisting of xy3 plane comcide such that the 
origin of ene ts found at the origin of the second. 
Howewer, as tune progresses, the second 
reference frame moues in the positwe direction 
along x-axis with wetocity of S7m/s, while the first 
frame of reference remains stationary. At a Lime 
of t = 10 seconds, a particle within the second 
reference frame has a wetocity gwen by wector 
1/712, 0, O mys. Find the equialent wetocity U' ef 
the particle with respect to the first reference 
frame. 


Solution 


, $ 
y y. » : y. Att = 10s 
W = (12,0,0) 


Galilean velocity transformation equations are: 
بل‎ =U tv, Uy 2 0, 0, =U; 
Û = (U, Uy, U,) = (Uz +v, U5, U;) = (12 + 37,0,0) 


* Û = (49,0,0) m/s (Velocity of particle w.r.t. reference frame 1) 


Universal Gravitation 

Newton's law of universal gravitation states that a particle attracts every other particle in the 
universe with a force that 1s directly proportional to the product of their masses and inversely 
proportional to the square of the distance between their centres. This gravitational force is the 


same as encountered in Newton’s second law of motion, where: 


CMm 
F = ma = — 


re 
Where G is gravitational constant and r is the distance of separation between the masses 
Since force, F 1s Galilean invariant, we can conclude that the law of universal gravitation 13 
also Galilean invariant, supporting the notion that all physical laws are invariant under 


Galilean transformation. 


3: Show that the law of conservation of linear momentum for collision is Galilean invariant, 
given that My ui T Matla = T4 14 + m; vs 
Solution 


From Galilean velocity transformation equation, 


U =u, tv 
ولا < ولا‎ + ۷ 
رل‎ =v, + 8 
V; < 9 tU 


Substituting these equations into the equation for momentum conservation, we have 
m;(u; + v) +m (u, + v) = m (v, + v) + m;(v; + v) 
mu, + mv + mu, + mv = mv, + mV + mv, + Mav 
Collecting like terms and subtracting, we have 
MU, + Mal, = MV, + Mav, 


This shows that the law of conservation of linear momentum is Galilean Invariant L.e. remain 
the same in different inertial frames of reference. 


Exercise, 
T.1 A girl vs riding a bicycle along a straight read at constant 
speed, and passes a friend standing at a bus step (ewent 1). At a 
time of 60s later, the friend catches a bus (ewent 2). If the 
distance separating the ewents ts 126m in the frame of the girl 
on the bicycle, what vs the bucycle’s speed? (Ans: 
2.10m/s) 


T.2 A police car trawelling on a straight read at a constant speed 
ef 30m/s catches up with a truck trawelling at a constant speed, 
ef 20m/s. The police car reaches the truck 25s after tt ts first 
sighted. How far ahead ef the police car was the truck when tt 
was first sighted? (Ans: 250m) 


7.3 Show that the law of conservation of kinetic energy is 
Galilean Inwarvant. 


1 al 
int ute LUE VUES 


Short Multiple-Choice Quiz to Refresh Your Brain 


(1) The expression for time dilation 1s (a) At' — At 1 - EP (b) At' — At I" ra —1 
(c) At' = At 1 - °*/ a (At = ۵6 J1— */ 


(2) A spaceship leaves Earth on a one-way star trip that earthbound observers judge will 
take 25 minutes. If the ship travels at 0.95 of speed of light relative to Earth, how long 
will the trip take as judged by observers in the ship (a) 7.8 minutes (b) 0.75 minutes 
(c) 1.35 minutes (d) 78 minutes 

(3) How long does it take for a meter scale to pass you If it 15 traveling with a speed of 
0.6 of speed of light relative to you along the direction of its length (a) 8.88 X 
107?s (b) 44.4x10^*s (c) 5.63x10^"?s (d) 4.44x10^?s 

(4) Frame of reference 1s known as (a) measurements of weight and distance in a definite 
coordinate system (b) measurements of velocity and mass in a definite coordinate 
system (c) measurements of time and distance in a definite coordinate system (d) a 


and b 
(5) One remarkable consequence of relativity is that simultaneity of events and 
sometimes even their time order depend on one's ------ (a) time of flight (b) reference 


frame (c) speed (d) distance covered 

(6) Length contraction happens only (a) perpendicular to direction of motion (b) along 
direction of motion (c) parallel to direction of motion (d) both a and b 

(7) Special theory of relativity treats problems 1nvolving (a) inertial frame of reference 
(b) non-inertial frame of reference (c) non-accelerated frame of reference (d) 
accelerated frame of reference 


AMSULEr 
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